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Black holes and instabilities of negative tension branes
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We consider the collision in 211 dimensions of a black hole and a negative tension brane on an orbifold.
Because there is no gravitational radiation in 211 dimensions, the horizon area shrinks when part of the brane
falls through. This provides a potential violation of the generalized second law of thermodynamics. However,
tracing the details of the dynamical evolution, one finds that it does not proceed from equilibrium configuration
to equilibrium configuration. Instead, a catastrophic space-time singularity develops similar to the ‘‘big
crunch’’ of V.1 Friedmann-Robertson-Walker space-times. In the context of classical general relativity, our
result demonstrates the instability of constructions with negative tension branes.

DOI: 10.1103/PhysRevD.64.065019 PACS number~s!: 11.27.1d, 04.70.Bw
a
im
pa

he

y
hi
r-

ca
ha

si
d
ic
a-
a

es
th

o

th

u
te
de
ive
yp
b

old

w
e
e
ic
le

be

ck

w.
f a
rgy
ergy
one

pens
d
on?
be

al-
the

ks
is
a

n a
nal
t
ga-
s at

if
s.
es-
in
so

se
t of
al

o
a

I. INTRODUCTION

The idea that our three familiar spatial dimensions m
exist as a submanifold of a higher dimensional space-t
has opened a number of new avenues for string theory,
ticle physics, and cosmology@1–13#. Common to most of the
recent incarnations is the condition that all interactions ot
than gravity be confined to our submanifold, orbrane. Since
departures from (311)-dimensional gravity are relativel
difficult to constrain compared to those of other forces, t
permits significant freedom to modify the gravitational inte
actions in the extra-dimensional space. It is in this modifi
tion of gravity and of the extra dimensions themselves t
recent approaches differ from one another.

In many of the proposed models, the hierarchy problem
recast by bringing the fundamental mass scale of phy
down to a weak scale. The large Planck mass observe
our 3 brane is then a derived quantity, the size of wh
arises from the relatively large volume of the extr
dimensional manifold. A striking consequence of this is th
one expects quantum gravity or stringy effects to manif
themselves close to the electroweak scale. At first sight,
opens up many interesting possibilities for testing the idea
extra dimensions@14–24#. However, it is typically possible
to construct these models consistently in such a way
they evade expected experimental tests.

One specific hurdle that extra-dimensional theories m
clear is that the brane-bulk system should be a consis
stable solution to Einstein gravity. In this paper we consi
this issue for those constructions that include negat
tension branes. While the notion of negative energies is t
cally problematic, perturbative dynamical objections can
overcome by placing the offending brane at an orientif
plane.

In this paper we address two other issues associated
negative-tension branes, one of which is specific to thos
orbifold fixed planes. The first has to do with their cons
quences for the generalized second law of thermodynam
which states that the total entropy in matter and black ho
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does not decrease. In Einstein gravity this entropy can
written as

STOT[Smatter1
1

4
A, ~1.1!

whereA is the sum of the event horizon areas of all bla
holes, and we are using Planck units (\5c5k5G51). In
particular, any process which leavesSmatter fixed and de-
creasesA leads to a violation of the generalized second la

We begin with the simple observation that the area o
black hole event horizon increases when positive ene
crosses the horizon, and decreases when negative en
crosses the horizon. A natural question then arises when
has a space-time with a negative tension brane: what hap
if a black hole, initially far away from the brane, falls towar
the brane and captures some of the brane within its horiz
One might expect that the generalized second law could
violated in this way, since the part of the brane that is sw
lowed by the black hole carries negative energy across
horizon.

In general, of course, whether the horizon actually shrin
will depend on what other matter or gravitational radiation
falling into the black hole. For this reason we consider
lower-dimensional system; a negative tension 1 brane i
(211)-dimensional space-time. The absence of gravitatio
radiation in 211 dimensions will force the conclusion tha
the horizon shrinks when the black hole encounters a ne
tive tension brane. This is so whether or not the brane sit
an orbifold.

This would provide a clear violation of the second law
the above collision connects two equilibrium configuration
Whether or not this is so turns out to be an interesting qu
tion that our low dimensional context allows us to explore
detail. In 211 dimensions, the only black holes are the
called Bañados-Teitelboim-Zanelli@25# ~BTZ! black holes,
which arise only for negative cosmological constant. The
black hole space-times can be constructed as a quotien
AdS space itself. Together with the lack of local gravitation
degrees of freedom in 211 dimensions, this fact allows us t
construct a general solution describing the collision of
©2001 The American Physical Society19-1
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DONALD MAROLF AND MARK TRODDEN PHYSICAL REVIEW D 64 065019
black hole and a brane. Interestingly, for branes atZ2 orbi-
folds, the results depend dramatically on the sign of
brane tension.

We investigate a two-parameter family of solutions w
negative tension branes in detail. This leads to our sec
issue. We find that the endpoint is not in fact an equilibriu
configuration, but instead is a spacelike singularity similar
the ‘‘big crunch’’ of Friedmann-Robertson-Walker mode
with V.1 ~and no cosmological constant!. Continuity im-
plies that a similar result occurs on an open subset of the
space of solutions, and it seems likely that the result is
neric. This is naturally interpreted as a nonlinear dynam
instability of gravitating negative tension branes at orbifol

The paper is organized as follows. In Sec. II we provid
brief calculation of how the black hole horizon shrinks in o
model. In Sec. III we then describe how to construct init
data for the brane–black hole system in AdS211, and inves-
tigate the dynamics of the system in detail. This dynamic
qualitatively different in various regions of parameter spa
We conclude in Sec. IV, and offer some interpretations of
results.

II. SHRINKING HORIZON

Our purpose in this section is to give a description of h
a horizon evolves as it falls toward the negative tens
brane. A black hole horizon is a closed null hypersurface
we consider a congruence of null geodesics with tangent
tor Na orthogonal~and therefore tangent! to this hypersur-
face, then the divergenceu[¹aNa, describing the expansio
or contraction of the congruence is described by the R
chaudhuri equation

du

dl
52

1

2
u22sabs

ab1vabv
ab2RabN

aNb, ~2.1!

wheresab is the shear of the congruence,vab is its twist,
andl is the affine parameter.~For a detailed description o
this equation see, for example, Ref.@26#.! The metric used to
raise and lower the indicesa andb is the induced metric on
the null surface, which has a signature (0,1,1). As a result,
the twist term is positive definite. The shear term is related
the Weyl tensor, and hence to the existence of gravitatio
radiation—all of which vanish in 211 dimensions. There
fore, from now on we setsab[0.

Now an infinitesimal area elementdA of the event hori-
zon of the black hole is related tou via

dA5dA0expS E u~l!dl D , ~2.2!

and therefore the Raychaudhuri equation can be used to
scribe the evolution of the area as

d2

dl2
~AA!5S vabv

ab2
1

2
RabN

aNbDAA . ~2.3!

Using the Einstein equation, and recalling thatNa is null, we
may rewrite this as
06501
e

nd

o

ll
e-
l
.
a

l

is
.
r

n
If
c-

y-

o
al

e-

d2

dl2
~AA!5~vabv

ab24pTabN
aNb!AA, ~2.4!

whereTab is the energy momentum tensor. Since the bra
has negative tension, so long as no other matter is presen
have

TabN
aNb,0 ~2.5!

for null Na not tangent to brane~i.e., the null energy condi-
tion is violated!.

If the system were to reach equilibrium and a final ho
zon could be identified, the final expansionu would vanish.
It then follows from Eqs.~2.4! and ~2.5! that u would have
been negative during the collision itself. In particular,
caustics can form on this surface during the collision, sin
immediately after a caustic the expansion of the correspo
ing null generator must be positive. Thus the null surfa
S final that eventually becomes the final horizon can be
tended back to before the collision occurred, and we see
the area ofS final was larger before the collision than it i
afterward.

Similarly, suppose that the system began in equilibriu
and that an initial horizon could be identified. Any outwa
directed null congruence outside this initial horizon has po
tive expansion at this stage, and we see that this will c
tinue during the collision. Thus the null surfaceS final associ-
ated with the final horizon must begin inside the initi
horizon. As a result, the initial area ofS final must be smaller
than that of the initial horizon. Since the area ofS final de-
creases during the collision, the final area must be e
smaller. We therefore arrive at a violation of the generaliz
second law if the system evolves from one equilibrium
another.

III. BRANE-BTZ BLACK HOLE SYSTEM

The discussion in Sec. II described the process of a bl
hole colliding with a negative tension brane, and traced
evolution of null congruences. On the surface, this wo
appear to yield a violation of the second law of thermod
namics. However, in order to identify particular null congr
ences as initial and final ‘‘horizons,’’ the evolution must co
nect two equilibrium configurations.

Whether or not this is the case in our 211 setting is
explored below through detailed investigation of the cor
sponding solutions. We require that our solutions contai
flat brane at an orbifold fixed plane and a BTZ black ho
but the space-time should be otherwise empty. Because
11)-dimensional gravity contains no local dynamics, t
metric will be locally AdS everywhere except at the orbifo
singularity.

At this point it is convenient to recall that the BTZ spac
time is itself a quotient of AdS space. Similarly, recall tha
space-time~the ‘‘brane-only space-time’’! describing the
negative tension brane by itself consists of two copies
AdS patched together along the brane withZ2 orbifold
boundary conditions. Now of particular interest are cases
which the black hole and brane are initially separated.
9-2
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FIG. 1. The brane fundamental region att
50 for three values ofA.
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this we mean that at least near some Cauchy surfacet50
there should be a regionRBTZ of space-time enclosing ou
black hole in which the metric takes the standard BTZ for
Similarly, there should exist a regionRbrane, near the brane
Since the space-time is to contain no further topologi
complications we may take the unionRbraneøRBTZ to con-
tain a Cauchy surface for the space-time and the intersec
RbraneùRBTZ to be contractible.

Let us now count the number of parameters needed
describe our space-time. The tension of the brane is fixed
the cosmological constant, so there are no parameters a
ciated with the brane regionRbrane itself. The BTZ region
RBTZ is determined by two free parameters correspondin
the mass and spin of the BTZ black hole. Since the B
space-time and the brane-only space-time are by themse
locally AdS, the intersectionRbraneùRBTZ is associated with
an element of the AdS isometry group SO~2,2! which serves
to patch the two regions together.

Now consider a ‘‘fundamental region’’FBTZ of AdS space
that covers the BTZ space-time exactly once under the B
quotient map. Further, in the brane-only space-time the A
region on one side of the brane is related to that on the o
side through the orbifolding procedure. Hence we refer to
region on one side of the brane as the ‘‘fundamental regi
Fbrane,AdS. We may therefore writeRBTZ,FBTZ and
Rbrane,Fbrane, provided that we keep in mind the approp
ate identifications.

The choice ofFBTZ andFbrane is, of course, unique only
up to an element of the AdS symmetry group SO~2,2!. How-
ever, we may use this symmetry to bring one of the fun
mental regions into a standard configuration. Thus, only
element of SO~2,2! describing the relative configuration o
FBTZ and Fbrane in AdS is of interest. This is precisely th
freedom associated with the overlap ofRBTZ and Rbrane in
our space-time.

Consider, then, the set of all space-times constructed
specifying BTZ and brane fundamental regionsFBTZ and
Fbrane in AdS211, taking the intersectionFBTZùFbrane and
making appropriate identifications. We have shown that al
the space-times we seek will lie in this set. However, so
space-times constructed in this way may fail to be smooth
may fail to contain separated branes and black holes. T
we may say that the identification ofFBTZ andFbraneis nec-
essary but not sufficient for building the space-times of
terest.

It will be enough for us to analyze the most straightfo
ward case in whicht50 is a moment of time symmetry
From now on we will assume that this condition holds. As
result, we now restrict consideration to spinless BTZ bla
holes.
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A. Initial data

Much of the physics of this problem can be understood
studying the initial data associated with the moment of ti
symmetry. If t is a global time coordinate on AdS211, we
may take this moment to occur in the slicet50. Here it is
convenient to consider AdS211 as a solid cylinder, so that th
t50 surface is a disk. Given the condition thatFBTZ and
Fbranerespect this time symmetry, the identifications of Ad
used to make the BTZ or brane space-times preserve
surfacet50. As a result, we may speak about the fundam
tal domainsF BTZ

0 andF brane
0 associated with the correspond

ing quotient of thet50 slice.
The space of time symmetric initial data is labeled by fo

parameters. To see this, recall that the black hole spin
been set to zero and that the requirement that the brane
black hole both be present att50 forces the SO~2,2! param-
eter used to patch togetherRBTZ andRbraneto take values in
SO~2,1!, the symmetry group of thet50 surface itself. How-
ever, it is sufficient for our purposes to work with the tw
parameter subfamily in which we require the space-time
have an additionalZ2 symmetry as described below. Th
requirement breaks the SO~2,1! down to just the one-
dimensional subgroup associated with one of the boost g
erators, and we may think of the associated free paramet
the location of the brane in Poincare´ coordinates.

For definiteness we will work in global coordinate
(t,r,f) in which the AdS line element takes the form

ds25
4l 4

~ l 22r2!2 F2S l 21r2

2l 2 D 2

dt21dr21r2df2G ,

~3.1!

with tP@2p/2,p/2#, rP@0,1# andfP@2p,p#. These are
the coordinates referred to as ‘‘sausage coordinates’’ in R
@27#, which is a useful reference for visualizing the BT
fundamental region. The extraZ2 symmetry we impose cor
responds to invariance underf→2f.

Using these coordinates,F brane
0 and F BTZ

0 are drawn in
Figs. 1 and 2, respectively. The fundamental domains are
unshaded regions. Each figure shows three sample cas
lustrating what happens when we change the free param
associated with the respective fundamental region. In Fig
the parameter~which we callA) may be thought of as the
location of the brane in Poincare´ coordinates. The three case
shown there are of course related by the action of an A
isometry, but this will shortly be broken by the presence
the black hole. In Fig. 2, the parameter is the massM of the
BTZ black hole, which controls the ‘‘size’’ of the fundamen
tal region as shown. The dotted line in Fig. 2 is the inters
9-3
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FIG. 2. The BTZ fundamental region att50
for three values ofM.
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tion of the black hole horizon with thet50 surface. This
intersection is the bifurcation surface of the horizon.

It remains to put these domains together in a consis
way. We are interested in configurations in which the bla
hole and brane are separated att50, meaning that the bran
lies entirely on one side of the black hole horizon. It is cle
that for any black hole massM one can choose a larg
enough value ofA, so that the objects are indeed separat
Note that rotating the disks in Fig. 2 by the actionf→f
1p/2 would also yield a configuration compatible with o
symmetries, but that it would then be impossible to sepa
the brane and the black hole.1

It is interesting to note that positive tension branes beh
very differently. We may represent a positive tension bra
as in Fig. 1 above, but with the shaded region now repres
ing the fundamental region. A glance at Figs. 1 and 2 sho
that it is now impossible to separate brane and black h
This is clearly a reflection of the well-known statement th
there is only a ‘‘small’’ region of AdS that is far from a
positive tension brane on aZ2 orbifold.

B. Dynamics and collisions

In Sec. III A we established the existence of initial da
representing a separated, momentarily static configura
containing a black hole and a negative tension brane.
now wish to study the time evolution of this solution. Certa
qualitative features are readily deduced from the well-kno
properties of black holes and branes with respect to the
bal coordinates (t,r,f) on AdS211. For example, ast in-
creases the black hole horizon expands outward to both r
and left, while the boundaries of the BTZ fundamental
gion move toward each other~see, e.g., Ref.@27#!. On the
other hand, the brane expands, with the ends separating
moving along the boundary at the speed of light. A typic
configuration of both black hole and brane fort.0 is shown
in Fig. 3.

The expansion of the brane and the contraction of
BTZ fundamental region clearly results in contact betwe
the boundaries ofFBTZ andFbrane. The points of contact will
be conical singularities in the resulting space-time. If
simply extrapolate the behavior of these boundaries it wo
appear that the entire space-time outside the black
would quickly disappear into such a singularity. Howev
once the singularity forms it is no longer clear that we c
follow the evolution using classical general relativity. It
therefore important to discover whether events along

1One can also show that such configurations are singular att50.
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potential singularity are causally connected, so that we m
determine whether modifications to general relativity at o
such point could affect the formation of the rest of the s
gularity.

This turns out to be simplest to analyze in Poincare´ coor-
dinates, which we labelg, b, andz. The relevant metric is
most easily obtained by making use of ‘‘embedding’’ coord
nates as an intermediate step. Recall that AdS211 may be
described as the surface

T21U22X22Y25 l 2, ~3.2!

embedded in (212)-dimensional Minkowski space, with
line element

ds252dT22dU21dX21dY2. ~3.3!

In Eq. ~3.2!, l is the AdS length scale. The embedding co
dinates (T,U,X,Y) are related to our global coordinates v

X52
2l 2r

l 22r2
cos~f!, T5 l F l 21r2

l 22r2GsinS t

l D ,

~3.4!

Y5
2l 2r

l 22r2
sin~f!, U5 l F l 21r2

l 22r2GcosS t

l D .

The Poincare´ coordinates can then be expressed as

z5
1

U1X
, b5

Y

U1X
, g5

T

U1X
, ~3.5!

with the resulting line element

ds25
1

z2
~2dg21db21dz2!. ~3.6!

These coordinates have two particularly useful simplifyi
properties. First, the metric@Eq. ~3.6!# is conformal to the

FIG. 3. A typical configuration ofFBTZ andFbraneat t.0.
9-4
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BLACK HOLES AND INSTABILITIES OF NEGATIVE . . . PHYSICAL REVIEW D 64 065019
Minkowski metric and, second, these coordinates may
chosen so that the brane is located on the hypersurfaz
5A.

Note that in our various coordinate systems the mom
of time symmetry can be equivalently characterized at
50, T50, or g50. In addition, theZ2 symmetryf→2f
can be represented in Poincare´ coordinates asb→2b.

We must now identify the boundary of the BTZ fund
mental region in Poincare´ coordinates. To describeFBTZ , it
is useful to introduce the parameter

a[
1

l
tanh~pAM !. ~3.7!

It is easily seen@27# that a useful choice for the boundary
the BTZ fundamental region consists, in embedding coo
nates, of the two surfaces

Y56 laU. ~3.8!

Translating this into Poincare´ coordinates we obtain

6b5
1

2
a~ l 21z21b22g2!, ~3.9!

with the positive sign describing the upper boundary and
negative sign the lower one. From now on, we shall follo
only the upper boundary, as the two are related by ourZ2
symmetry.

Recall that AdS211 in Poincare´ coordinates is confor-
mally equivalent to Minkowski space with metric2dg2

1db21dz2. The singularity forms on the line where th
brane (z5A) intersects the surface described by Eq.~3.9!. In
terms of the conformally rescaled space, it is clear that
singularity propagates in a straight line~along z5A) at a
speed determined by Eq.~3.9! with z5A. A short calculation
shows that this speed is

db

dg
5

a

ab11
Al 21A21S ab11

a D 2

2
1

a2
. ~3.10!

Further, the condition that the brane and the boundary
FBTZ be separated at the moment of time symmetry (g50)
yields

l 21A22
1

a2
.0, ~3.11!

which, when substituted into Eq.~3.10!, yields db/dg.1.
Consequently, the singularity propagates in a straight lin
a velocity greater than that of light in the conformally re
caled metric. In fact, the singularity lies on a surface that
Poincare´ coordinates lies in thez5A plane on the two
hyperbolae2 of constant proper timeAl 21A22(1/a2) from

2These hyperbolae intersect atb50. To form the singular surface
one should include only those pieces of each hyperbola which
not lie to the future of any event on the other hyperbola.
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the eventsz5A, b561/a, andg50. It follows that no two
points on the singularity are in causal contact.

To better understand this, note that Figs. 1 and 2 sh
that, for any brane positionA, one can in fact choose a blac
hole small enough that the boundaries of the two fundam
tal regions contact att50, or as close tot50 as one would
like. In particular, this occurs ‘‘first’’ outside the horizon
One can also show that forA2.a22(a2221) the singular-
ity first develops inside the horizon if time ordering is d
fined using the Poincare´ coordinateg. However, since no
two points along the singularity are in causal contact, we
that this ordering is of little relevance. Therefore, the sing
larity is best thought of as arising ‘‘simultaneously’’ throug
out the space-time.

Our conclusion must hold in the original AdS metric
well. It follows that the collision of the black hole and bran
ends not in a black hole attached to the brane, but instea
a spacelike singularity in which much of the universe is d
stroyed. The attentive reader will have noticed someth
interesting about the lineb50, z5A, which may be thought
of as the ‘‘leading piece of the brane’’ in the global coord
nates of Fig. 3. This line reaches the singularity at the fin
time:

g leading5A11A2 . ~3.12!

It may seem odd that this event is not on the edge of the A
space. However, one can readily show that the event doe
on the singularity of the BTZ black hole, in particular b
tween the two horizons. Thus we see that the collisio
induced singularity engulfs the entire exterior space-time
the side of the black hole that contains the brane, and
this singularity joins on to the black hole singularity. In fac
one could perhaps interpret this result as extending the b
hole singularity out to the edge of the space-time, destroy
the future asymptotic region and making the concept of
event horizon meaningless on the right side of the black h

In any case, one sees that our singularity does not ex
into the left exterior region of the BTZ space-time. The le
exterior is completely unaffected by the presence of
brane in the right exterior. This is as it should be, since
black hole horizons should prevent any influence fro
propagating from the right exterior to the left one. The a
pearance of this singularity seems to demonstrate an inst
ity of the system that is perhaps of even more interest t
the potential failure of thermodynamics described in Sec.

IV. DISCUSSION AND CONCLUSIONS

We have illustrated two difficulties that arise when neg
tive tension branes encounter black holes. The first is a
tential violation of the generalized second law of thermod
namics that can occur whether or not the brane is locate
an orbifold fixed plane. Note that if the negative ener
stored in the brane tension could be transformed into so
other sort of energy, then one could also use it to violate
second law in systems without black holes. For example
the negative energy could be used to cool a hot star,
cooling would seem to lead to a decrease in entropy. T
o

9-5
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DONALD MAROLF AND MARK TRODDEN PHYSICAL REVIEW D 64 065019
important feature of black holes is thus that any form
energy that enters them directly affects the horizon area~and
thus the entropy!. The second difficulty we investigated is
nonlinear dynamical instability that causes the entire spa
time outside the black hole to collapse when the brane
located at an orbifold fixed plane.

We have seen that horizons of (211)-dimensional black
holes shrink when encountering a negative tension bran
no other matter is present. This follows from the identic
vanishing of the shear of a null congruence in 211 dimen-
sions. One expects similar behavior to occur in higher
mensions, unless for some reason a significant quantit
gravitational radiation is also present so that the shear t
becomes important in the Raychaudhuri equation.

This results in a clear violation of the second law of th
modynamics if the collision connects two equilibrium co
figurations. Ideally, we would like to begin with a black ho
well separated from the brane and end with some w
defined configuration. In Sec. III we found that 211 space-
times containing a moment of time symmetry with we
separated BTZ black holes and negative tension branes d
fact exist. The black hole and brane then begin to fall tow
one another. The result of this collision is the collapse of
entire space-time outside the black hole in a spacelike sin
larity. Although we have explicitly discussed only a tw
parameter subfamily of the full four-parameter family
such time symmetric initial data, continuity tells us that t
same result follows for an open subset of such data cont
ing our subfamily. Similarly, the conclusion must hold for a
open subset of the full space of initial data, which wou
allow for spinning black holes as well.

Let us note that the singularity forms along the brane, a
let us recall that it can be thought of as forming simul
neously across the entire space-time outside the black h
As a result, it is clear that at least some of the brane f
through the horizon of the black hole before the singula
develops. The black hole then proceeds to ‘‘eat’’ the bra
and reduce in size. Where the horizon intersects the fi
singularity, it is of zero size. The area of the piece of bra
that falls through the horizon before the singularity occ
can be calculated. Multiplying by the brane tension gives

mbrane522
A

l
A 1

a2
2 l 2, ~4.1!

which, roughly speaking, is the amount of negative bra
mass that has fallen though the horizon. One can show
this is much greater thanM. It is natural to associate thi
excess with the kinetic energy that the system acquires
ing the time in which the brane and black hole are falli
toward each other so that the sum ofM, the kinetic energy,
andmbranevanishes.

We would like to interpret the singularity formed in th
collision as describing a nonlinear instability in the presen
of negative tension branes onZ2 orbifolds. However, this
raises certain questions. First, we have seen that, for a fi
‘‘brane location’’ A, separated black holes arise only wh
the mass of the black hole is sufficiently large. As a res
one might be tempted to think that any such instability
06501
f

e-
is

if
l

i-
of
m

-

l-

in
d
e
u-

n-

d
-
le.
ls
y
e
al
e
s

e
at

r-

e

ed

t,

triggered only by large disturbances. Recall, however, t
the brane locationA is not physically meaningful in and o
itself. There is in fact an AdS isometry that simply scales
Poincare´ coordinates, taking our brane to an arbitrary ne
value ofz. Thus, the correct statement is that black holes
any size are allowed so long as they are sufficiently far aw
from the brane.

In addition, it is known that BTZ black holes can form
dynamically from the collision of matter@28#. One would
therefore naively expect that arbitrarily small BTZ blac
holes could in fact be formed even close to negative tens
branes. The natural conclusion is that the formation proc
can begin near the brane, but that a singularity of the s
discussed here arises before this process is complete.
we expect nonlinear instabilities with negative tension bra
in the presence of matter fields even if no black holes
initially present.

One may ask whether the same sort of singularity that
found in 211 dimensions also occurs in higher-dimension
cases. After all, we have shown that no smooth static s
tions exist for black holes on positive tension branes in
(211)-dimensional case, while such solutions have c
structed in 311 dimensions@29#.

Let us first recall that certain black holes@30–32# in
higher dimensions are also asymptotically AdS, and can
represented as quotients of AdS space analogous to those
yield the BTZ black hole in 211 dimensions. Collisions of
such black holes with negative tension branes are quite s
lar. The singularity again lies in thez5A plane on hyperbola
of constant proper timeAl 21A22(1/a2) from the events at
z5A and b561/a, and so forms a causally disconnect
set.3 However, black holes constructed in this way have
unusual topology for both the horizon and any associa
anti–de Sitter region@33–35#. As a result, such black hole
do not form from the collapse of matter subject to norm
boundary conditions. These examples are therefore not
ficient to argue convincingly for a dynamical instability i
higher dimensions. Clearly, a productive line of investigati
in 311 dimensions would be to perform a stability analys
of the solution found in Ref.@29#, describing a black hole on
a negative tension 211 brane.4

Finally, let us recall that negative tension objects are of
motivated by considering orientifold constructions of stri
theory. Although orientifolds do indeed have negative te

3One difference, however, follows from the fact that the unus
horizon topology means that these black holes have only a si
exterior region. In some sense, the two exteriors of
(211)-dimensional BTZ hole become connected. As a result,
fact that the left BTZ exterior was not affected by the brane tra
lates into the statement that the collision-induced singularity in
higher-dimensional analogues does not engulf the entire exte
region. However, it does engulf the entire brane.

4Comparing the entropies of black holes on and off negative t
sion branes~as done in Ref.@29# for positive tension branes! does
suggest that the black hole has less entropy on the brane. This
turn suggestive of a dynamical instability. We thank Roberto E
paran for this comment.
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sion, it is important to note two further properties. Fir
when orientifolds arise in a space-time that is locally asym
totically flat, the orientifolds have enough supersymme
~see, e.g., Ref.@36#! to allow one to show that they represe
a state of minimal energy for their charge.5 As a result, one
strongly expects that they are dynamically stable even in
presence of~at least uncharged! black holes. Second, let u
consider a particularly well understood orientifold known
the O6 plane. When the coupling is strong enough, this
entifold corresponds to a smooth classical 11-dimensio
space-time@37–39# which is R7 times the Atiyah-Hitchin
metric @40#. This space-time is Ricci flat, and satisfies t
vacuum Einstein equations. As a result, one may describe
collision of a black hole with such an orientifold as a pro
lem in pure Einstein-Hilbert gravity. Under such condition
the Raychaudhuri equation leads in the usual way@41# to the
conclusion that the total horizon area increases. As a re
our violations of the generalized second law of thermo
namics will not arise in this context. As the various strin
negative tension orientifolds are related byT duality, one
expects that the other orientifolds of string theory also h

5It is in fact plausible that orientifolds represent the absolute lo
est energy state compatible with the asymptotic metric.
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properties such that the second law of thermodynamic
upheld in collisions with black holes. Since we have se
that the orbifold boundary condition itself is not sufficient,
would be interesting to understand in more detail just w
properties of these orientifolds enforce the second law.
example, it may be due the special form of the coupling of
orientifold to the dilaton or gauge fields of string theory.

In summary, we have seen that the orbifold boundary c
dition of, e.g., Ref.@7# is not sufficient by itself to rende
negative tension branes stable. Our results indicate that
thermodynamic and nonlinear dynamical instabilities rema
As a result, if use is to be made of negative tension brane
various models, it is important first to show that the partic
lar branes being used are immune from these effects. A c
servative working hypothesis might be that only the rath
specific negative tension branes that arise as supersymm
orientifolds of string theory should be considered.

ACKNOWLEDGMENTS

The authors would like to thank Rob Myers and Lisa Ra
dall for useful discussions. D.M. was supported in part
NSF Grant No. PHY97-22362 to Syracuse University, t
Alfred P. Sloan Foundation, and by funds from Syracu
University. M.T. was supported by funds provided by Syr
cuse University.

-

ev.

-

an,

gy

ass.

ip

s.

s.
@1# V.A. Rubakov and M.E. Shaposhnikov, Phys. Lett.125B, 136
~1983!.

@2# V.A. Rubakov and M.E. Shaposhnikov, Phys. Lett.125B, 139
~1983!.

@3# K. Akama, Pregeometry, Lecture Notes in Physics Vol. 176
edited by K. Kikkawa, N. Nakanishi, and H. Nariai~Springer-
Verlag, Berlin, 1982!, pp. 267–271.

@4# N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys. Lett.
429, 263 ~1998!.

@5# N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, Phys. Rev.
59, 086004~1999!.

@6# I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. Dva
Phys. Lett. B436, 257 ~1998!.

@7# L. Randall and R. Sundrum, Phys. Rev. Lett.83, 3370~1999!.
@8# L. Randall and R. Sundrum, Phys. Rev. Lett.83, 4690~1999!.
@9# N. Arkani-Hamed, S. Dimopoulos, G. Dvali, and N. Kalope

Phys. Rev. Lett.84, 586 ~2000!.
@10# J. Lykken and L. Randall, J. High Energy Phys.06, 014

~2000!.
@11# R. Sundrum, Phys. Rev. D59, 085010~1999!.
@12# N. Arkani-Hamed, S. Dimopoulos, and J. March-Russell, Ph

Rev. D63, 064020~2001!.
@13# S. Corley and D.A. Lowe, Phys. Lett. B505, 197 ~2001!.
@14# G.F. Giudice, R. Rattazzi, and J.D. Wells, Nucl. Phys.B544, 3

~1999!.
@15# E.A. Mirabelli, M. Perelstein, and M.E. Peskin, Phys. Re

Lett. 82, 2236~1999!.
@16# J.L. Hewett, Phys. Rev. Lett.82, 4765~1999!.
@17# S. Cullen and M. Perelstein, Phys. Rev. Lett.83, 268 ~1999!.
.

.

@18# L.J. Hall and D. Smith, Phys. Rev. D60, 085008~1999!.
@19# V. Barger, T. Han, C. Kao, and R.J. Zhang, Phys. Lett. B461,

34 ~1999!.
@20# N. Arkani-Hamed, Y. Grossman, and M. Schmaltz, Phys. R

D 61, 115004~2000!.
@21# P. Binetruy and J. Silk, Phys. Rev. Lett.87, 031102~2001!.
@22# D.J. Chung and K. Freese, Phys. Rev. D61, 023511~2000!.
@23# H. Davoudiasl, J.L. Hewett, and T.G. Rizzo, Phys. Rev. D63,

075004~2001!.
@24# H. Davoudiasl, J.L. Hewett, and T.G. Rizzo, Phys. Lett. B493,

135 ~2000!.
@25# M. Banados, C. Teitelboim, and J. Zanelli, Phys. Rev. Lett.69,

1849 ~1992!.
@26# R. Wald,General Relativity~University of Chicago Press, Chi

cago, 1984!.
@27# S. Aminneborg, I. Bengtsson, D. Brill, S. Holst, and P. Peld

Class. Quantum Grav.15, 627 ~1998!.
@28# R.B. Mann and S.F. Ross, Phys. Rev. D47, 3319~1993!.
@29# R. Emparan, G.T. Horowitz, and R.C. Myers, J. High Ener

Phys.01, 007 ~2000!.
@30# S. Aminneborg, I. Bengtsson, S. Holst, and P. Peldan, Cl

Quantum Grav.13, 2707~1996!.
@31# D. Brill, in Singularities, Black Holes and Cosmic Censorsh,

edited by P.S. Joshi~Inter-University Center for Astronomy
and Astrophysics, India, 1996!.

@32# D. Brill, Helv. Phys. Acta69, 249 ~1996!.
@33# G.J. Galloway, K. Schleich, D. Witt, and E. Woolgar, Phy

Lett. B 505, 255 ~2001!.
@34# G.J. Galloway, K. Schleich, D.M. Witt, and E. Woolgar, Phy

Rev. D60, 104039~1999!.
9-7



tt. f
n,

f
n-

DONALD MAROLF AND MARK TRODDEN PHYSICAL REVIEW D 64 065019
@35# J.L. Friedman, K. Schleich, and D.M. Witt, Phys. Rev. Le
71, 1486~1993!.

@36# A. Hanany and B. Kol, J. High Energy Phys.06, 013 ~2000!.
@37# N. Seiberg, Phys. Lett. B384, 81 ~1996!.
@38# N. Seiberg and E. Witten, hep-th/9607163.
@39# A. Sen, J. High Energy Phys.09, 001 ~1997!.
06501
@40# M. Atiyah and N. Hitchin,The Geometry and Dynamics o
Magnetic Monopoles~Princeton University Press, Princeto
NJ, 1988!.

@41# S.W. Hawking and G.F.R. Ellis,The Large Scale Structure o
Space-Time~Cambridge University Press, Cambridge, E
gland, 1973!.
9-8


